Abstract: Kedem-Katchalsky (K-K) equations, commonly used to describe the volume and solute flows of nonelectrolyte solutions across membranes, assume that the solutions on both sides are mixed. This paper presents a new contribution to the description of solute and solvent transfer through a membrane within the Kedem-Katchalsky formalism. The modified K-K equation obtained here, which expresses the volume flow (J v ), includes the effect of boundary layers of varied concentrations that form in the vicinity of the membrane in the case of poorly-mixed solutions. This equation is dependent on the following: membrane parameters (σ, L p , ω), complex h/M/l parameters ( σ s − reflection, L ps −hydraulic permeability, ω s −solute permeability coefficients, δ h , δ l − thicknesses of concentration boundary layers), and solution parameters (c−concentration, ρ -density, ν -kinematic viscosity, D -diffusion coefficient). In order to verify the elaborated equation concerning J v , we calculated the following functions: 
Introduction
Practical Kedem-Katchalsky equations (K-K) were derived on the basis of the linear thermodynamics of irreversible processes. Application of the K-K practical equations is limited to membrane systems with two-component solutions, sufficiently diluted and well stirred [1] [2] [3] . Therefore, the equations were developed and modified in various ways, to make them suitable for membrane systems with weakly stirred solutions [4-6, 8, 11-16] . In this paper is a formalism that leads to a more general form of the K-K equation describing volume flow J v generated by two stimuli. The equations contain a description of solute and solvent transfer through a membrane in the case of poorly-mixed solutions -the effect of boundary layers of varied concentrations that form in the vicinity of the membrane. The single-membrane model described here is based on the following postulate: M is a membrane mounted in a horizontal plane that separates two aqueous glucose solutions at concentrations c h and c l . Membrane substance transport is generated by the osmotic pressure difference ∆Π and the mechanical pressure difference ∆p. Lack of mechanical stirring of solutions causes formation of concentration boundary layers h and l of thickness δ h and δ l on both sides of the membrane. The creation of the concentration boundary layers leads to new concentrations in the membrane solution c i in layer h and c e in layer l (c i > c e ).
J sm , J sh , J sl , and J ss are solute fluxes through: the membrane boundary layers h and l and complex h/M/l. J v is the solution volume flow through complex h/M/l.
In order to test this formalism we will calculate volume flow J v in isotermal conditions, on the basis of an experimental transport parameter of a flat neprophane membrane and aqueous glucose solutions.
2 Model development of Kedem-Katchalsky equations of the volume and solute flows through a membrane
The starting point for elaborated considerations and calculations in this paper are KedemKatchalsky equations for the volume flow (J v ) and solute flow (J s ) [1] [2] [3] :
where J v is volume flow; J s is solute flow; (L p , σ, ω) are coefficients of filtration, reflection, and permeation; R and T are the gas constant and thermodynamic temperature; c h and c l are solution concentrations; ∆p = p 1 − p 2 is the mechanical pressure difference; ∆Π is the osmotic pressure difference given by Van't Hoff's formula ∆Π = RT ∆c;
2.1 Scheme of the solute fluxes across the membrane and the concentration boundary layers Fig. 1 depicts a cell in which there are two compartments with a solution separated by the membrane in isothermal conditions. In the vicinity of the membrane, because of poorly-mixed solutions, there appear boundary layers of varied concentrations. Substance transport is generated by simultaneous action of two stimuli: the osmotic pressure difference ∆Π and mechanical pressure difference ∆p. The solute fluxes transport through the complex; boundary layer h/membrane/ boundary layer l are described in the text. Taking into account Eq. (1) for the volume fluxes through the membrane (J v ) and complex h/M/l (J vs ), assuming that L ps = L p , the volume fluxes are given respectively by:
Taking into account Eq. (2) for the solute fluxes through the two boundary layers h(J sh ) and l(J sl ), membrane ( J sm ) and complex h/M/l (J ss ), assuming that for boundary layers σ h = 0 and σ l = 0, the solute fluxes have the following form: Fig. 1 Scheme of the boundary layers and membrane: M is the membrane; δ h and δ l are the thicknesses of the concentration boundary layers; c h and c l are the solutions' concentrations compartments separated by the membrane; c i and c e are the solutions' concentrations of boundary layers; J sm , J sh , J sl , and J ss are the solute fluxes through the membrane boundary layers h and l and complex h/M/l.
Two methods for the derivation of practical Kedem-Katchalsky equations 2.2.1 Method I
Taking into consideration the above assumptions, equations for the volume fluxes through the membrane and complex h/M/l, in the stationary state, can be written as
Substituting J vs (4) into J v (9), we get the form of J v :
The reflection coefficient σ s for complex h/M/l can be written as [3] σ s = σ ω s ω
Using Eq. (11), we can express Eq. (10) as
The definition of ω s is [3] 
where ω s is the solute coefficient permeability of the complex: boundary layer/ membrane/ boundary layer. Substituting Eq. (13) into Eq. (12), the modified Kedem-Katchalsky Eq.
(1) has the form
The solute permeability coefficients, ω h and ω l of layers h and l are given by [7] :
Where D h and D l are diffusion coefficients in layers. Equations describing thickness δ h and δ l of layers h and l may be written in the form [9] 
where g is gravitational acceleration; ∂ρ/∂c is the concentration density gradient; D h and D l are the diffusion coefficients in layers h and l; ν h and ν l are the kinematic viscosity coefficients; ρ h and ρ l are the solutions' densities; R C is the concentration Rayleigh number; and ω is the coefficient of permeability of the membrane.
Method II
The solute fluxes through the layers and complex h/M/l, in the stationary state, can be written as
Substituting Eq. (5) into Eq. (18), Eq. (18) can be written in the form
and
Substituting Eq. (6) into Eq. (21), Eq. (21) can be written in the form
Considering that, in the stationary state, J vh = J vl = J v = J vs , and substituting (c i − c e ) (20) and (23) into J v (3), we get the final form of the volume flow J v through the membrane, which is given by
It should be emphasized that we can only calculate the difference of concentrations (c i −c e ) in boundary layers by means of method I, whereas method II allows us to calculate this difference (c i −c e ) as well as concentrations c i and c e seperately in particular boundary layers. In biological membranes, measurement of concentration solutions in boundary layers is unpredictable [16] .
Eqs. (14) or (24) will be tested for permeate flow in a cell, in which a membrane mounted in the vertical plane separates two aqueous glucose solutions at concentrations c h and c l , fulfilling the criterion c h = c l +n∆c, where c l = 0 mol·m −3 and ∆c = 0.1 mol·m −3 . Density and kinematic viscosity in solutions fulfill the criteria ρ h = ρ l + n∆ρ and ν h = ν l + n∆ν, where ρ l = 998 kg · m −3 , ∆ρ = 0.06 kg · m −3 , and ν l = 1.012 × 10 −6 m 2 s −1 . The concentration density gradient, calculated on the basis of these data, is ∂ρ/∂c = 0.06 kg · mol 
Results of calculations and discussion
For illustrative purposes, calculation results for a cross-flow membrane generated by two active stimuli ∆Π and ∆p are presented for three different dependences: (Fig. 2) , J v = f (R C ) ∆c,∆p=const (Fig. 3) , and J v = f (∆p) ∆c,R C =co (Fig. 4) . 
Results of volume flows J v across membrane
The plots represent the following:
• Fig. 2 plots permeate flows vs. applied ∆c: When ∆c = c h −c l increases, ∆c ′ = c i −c e decreases; the value of J v decreases according to the equations
The ∆c increase makes the osmotic pressure difference increase as well, so the value of osmotic flow increases. The resultant J v decreases. When ∆c increases, the value of J v decreases in the same way as in Fig. 3 and Fig. 4 .
• Fig. 3 plots permeate flows vs. applied R C :
When R C increases, the value of J v increases as well, since an R C increase makes the thicknesses of concentration boundary layers increase, too (Eqs. 16 and 17). Permeation of these layers then decreases, which also leads to the decrease of the volume of osmotic flow. The osmotic flow also decreases since, when ∆c = c h − c l = const, ∆c ′ = c i − c e decreases. That is why the resultant flow J v increases.
• Fig. 4 plots permeate flows vs. applied ∆p:
The ∆p increase makes the value of J v increase according to the equation J v = L p ∆p − L p σ s RT (c h − c l ).
Conclusion
The calculation of the value of J v , presented in Fig. 2, Fig. 3 , and Fig. 4 , are based on eqs. (14) or (23), derived in this paper, producing identical results. Those three different dependences correlate with each other and are consistent with the dependences presented in the relevant literature [10] . Taking into consideration the above equations and assumptions, the derivation of the equation of solute flow J sm through the membrane in the conditions described here, should be expressed in the final form as
Finally, not only Eq. (2) may be used to modify eq. (1), but also a mechanistic equation, which in the literature has the form J s = ω d ∆Π+c(1−σ)L p ∆p, and is consistent with Eq. (2) [11] . Both Eq. (2) and the mechanistic equation provide a better opportunity to research substance transport across a membrane.
